Introduction* An unbounded liquid bridge is that surface which is formed when an object is withdrawn a small distance from an infinite pool of liquid, and the liquid is allowed to reach an equilibrium (see Figure 1 ). The adjective "unbounded" serves to distinguish this surface from the bounded liquid bridges formed by drops of liquid between two parallel plates, or by an object withdrawn from a finite reservoir, neither of which will be studied in this paper. The General Unbounded Liquid Bridge
In this paper, I will deal only with the symmetric surface formed in three dimensions when the object withdrawn is a disc parallel to the base plane {z = 0}. This is a problem in capillarity, so that the shape of the free surface is determined by the interaction of the potential energy due to the lifting of the liquid in a gravitational field, the surface tension of the liquid, and the energy gained by wetting the disc. Specifically, for a given compact set K, define an energy functional acting on sets by: Here £& is the disc lifted from the liquid, P(A' 9 K) is (roughly) the surface area of dA' Π K, P(A', & Π K) is the area of dA f Π & Π K, σ is the surface tension of the liquid, p is its density, g is the acceleration due to gravity, and β is a constant depending on the liquid and the material of the disc. A set A (corresponding to the liquid) will be a liquid bridge if for every compact set K and every set A' equal to A outside of K, we have that In §1, I show that a stable symmetric unbounded liquid bridge must wet the entire disc.
The Euler equation resulting from this functional requires that the mean curvature of dA be proportional to height above the base plane. If in addition axial symmetry is assumed, then I obtain a system of O.D.E.'s describing the profile of dA. Sections 2, 3, and 4 of the present work go into detail in characterizing the profile curves. Of particular use is the fact that the family of profile curves has an envelope. This envelope is indispensable in the study of the conditions under which a given profile curve represents a stable unbounded liquid bridge ( §5). Unfortunately, I have been unable to prove that the envelope is a C 1 curve, and have been forced to assume this (Conjecture 4.7) to obtain my stability and instability results. The only previous stability result I have been able to find is in a paper by Pitts [11] . He derives an instability criterion which seems equivalent to mine. However, he was forced to consider the slightly different problem of a large but finite pool with the pressure prescribed at the horizontal point of the bridge.
It is important to realize that dA cannot be expected to be a graph over the reference plane {z -0}, that is, dA could fold over. The unbounded liquid bridge problem is therefore in general a parametric capillary problem as are the pendent drop (see Wente [15] , Concus & Finn [3] ), and the sessile drop for contact angle >π/2 (see Gonzalez [6] , [7] , and Finn [4] ).
1* An instability theorem* I will show that a symmetric unbounded liquid bridge cannot exist unless the entire disc is wetted. This has the curious effect of rendering the constant β in (0.1) much less important in the characterization of liquid bridges than in other problems such as sessile and pendent drops. If two discs are the same height and have the same radius, and if both of them form nontrivial symmetric liquid bridges, then the bridges will be the same even if the values of β are different. The value of β will enter into stability considerations. Proof. The proof proceeds by contradiction. Let r = r(u) be the radius of the symmetric bridge at height u. If there is a stable symmetric bridge, then it is a fortiori stable under symmetric perturbations. I will show later that a bridge which is stable under symmetric perturbations is in fact stable under asymmetric perturbations. To solve the symmetric unbounded liquid bridge problem, therefore, is to find a smooth function r which minimizes the following energy functional over compact perturbations:
Jo over the family of functions / with lim tt _ 0^/ (w) -+o°. Here h is the height of the disc above the reference plane {z = 0}. If r{h) is not equal to the radius of the disc, then it can vary in both directions. This fact will be used to construct a particular perturbation for which the second variation S 2 G(r) < 0, which will contradict the assumption that r(u) is an energy minimum. To be precise, if, for η > 0, I define: Writing everything out explicitly, I have:
where k = (pg/σ) > 0 is the so-called "capillary constant". Suppose that r(u) is a local minimum of G η . From the above equation, I conclude:
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where η is properly chosen. To do this, I need some idea of how fast r and r' go to infinity as u goes to zero, just using the fact that r satisfies (1.1) and the condition that lim u^0 r(u) = +oo.
From SiegeΓs asymptotic estimates for the exterior capillary problem ( [13] ), I know that u(r) ~ (Ce~r\V~r) as r goes to infinity, where u(r) is the inverse function of r(u) for small u, so that u{τ) > e~2 r for sufficiently large r. It follows that r(u) > -(1/2) log u for u sufficiently small, since both u(r) and e~2 r are decreasing in r. It cannot be true that lim^0 (r'(u)/ -(l/2u)) = 0, or else by LΉδpitaΓs rule I would have lim M _ 0 (r(^)/-(1/2) log u) = 0, which is absurd by the above. Hence there exists an a > 0 and a sequence {u t } approaching zero with:
?^)α, so since r'(u) is negative for u sufficiently small. Define the perturbation y^u) by: 
for sufficiently small u t . Since r'\u) > 0, r' is monotone, so for small u I can estimate (1.5) by: 
(equality is excluded by the preceeding calculation). Physically, what this means is that in the symmetric unbounded liquid bridge problem, the only time a nontrivial stable bridge can be formed is when the entire disc is wetted, and the contact angle between the normal to the surface at the edge of the disc and the downward normal to the disc has cosine less than β.
Even when a nontrivial symmetric liquid bridge has a constraint on r(h) 9 the profile curve must still satisfy (1.1). I may assume that /c = 1 by making the usual transformation -L=r(i/ R u) • τ{u) , so that I have:
I no longer have the initial condition (1.2). The profile curves which satisfy (1.7) and the condition that lim u^0 r(u) = + °° form a one-parameter family (see Figure 2) . It is inconvenient, however, to express this parametrization when the curves are considered as functions of u. This leads us to the next section. 2* The profile curves in parametric form* Equation (1.7) can be written in a more elegant and useful form parametrically. Fix a profile curve r(u) and let ψ(u) be the angle π/2 -tan~x(r'(^)). This SYMMETRIC UNBOUNDED LIQUID BRIDGES 211 (r(ψ),u(ψ)) FIGURE 3 Parametrization by the inclination angle f is called the inclination angle of the curve (see Figure 3) . Clearly dψ/du < 0, so ψ{n) can be inverted to obtain u(ψ). The radius, then, is expressible as r(<ψ ) = r(u(ψ)). The differential equations that r(ψ) and u(ψ) satisfy are:
The method of parametrizing each curve by the inclination angle is used by Finn for the sessile drop [4] , where he obtains equations similar to the two above. Wente [15] obtained equations (2.1) and (2.2) for the pendent drop. Finding appropriate initial conditions for these equations in our case is something of a problem. The portions of the profile curves from ψ = π/2 to ψ = π have already been studied, as they are the solutions to the symmetric exterior capillary problem (see Johnson and Perko [8] , Siegel [13] , and Turkington [14] ). In particular, Johnson and Perko have shown that for a given radius σ > 0, there is a unique curve satisfying (2.1), (2.2), lim^or(^) = +oo, and being vertical at radius σ. Let T{σ) be the height of the vertical point of that curve which is vertical at radius σ (see Figure 4 ). Turkington has shown that T{σ) ~ σ log (1/σ) as σ approaches zero, and T{σ) ~ V 2 as a approaches + co. Siegel has shown that T(σ) is strictly increasing in σ. The boundary conditions for r(ψ; σ) and u(ψ; σ) are: 212 THOMAS I. VOGEL FIGURE 4 The Curve of Vertical Points T{σ)
Later in this paper I will show that T(σ)eC 1 (0 9 + °°). Siegel has shown that for ψ ^ ττ/2, it is impossible to have two distinct profile curves having the same inclination angle ψ at the same Proof. This is an application of Laplace's formula for the volume contained by a symmetric capillary surface (see Laplace [9] ), which is obtained by an integration by parts. The one point to check is that the boundary term at infinity from the integration vanishes. This, however, is easy to verify, using Gerhardt's result that the height of the profile curves decreases faster than e~r as r approaches +oo (see Gerhardt [5] ).
This lemma thus gives an easy way to find the volume of liquid lifted by a disc if the radius r 0 of the disc, the height u Q of the disc above the base plane, and the contact angle ψ Q of the surface with the disc are known. The next lemma is a technical one, used in the proof of Theorem 2.3. Proof. The volume of the solid described in Lemma 2.1 is \B\ -\A\ + πr%u Of from which the result follows. Proof. I will proceed by contradiction. Let Γ x and Γ 2 (corresponding to σ x and σ 2 respectively) be two profile curves contradicting the conclusion of the theorem, and suppose σ x < σ 2 . There is a largest angle ψ 0 < π/2 for which u(ψ 0 ; σ λ ) = u(ψ 0 ; σ 2 ), since we know that this equality cannot hold for ψ 0 ;> π/2. By the convexity of the profile curves, u 0 -u(ψ 0 ; σ λ ) -u(ψ 0 ; σ 2 ) is the lowest height at which Γ x and Γ 2 have the same inclination angle. For ease of notation, let Γ 1 and Γ 2 stand for the parts of the profile curves beneath u = u 0 for the rest of the proof.
It is clear that Γ x and Γ 2 cannot cross more than once, for if they did, there would be a height u x < u Q at which Γ 1 and Γ 2 have the same inclination angle. I therefore have two cases to consider: case I, that /\ and Γ 2 do not cross, and case II, Γ 1 and Γ 2 cross precisely once. As σ tends to infinity, the profile curves tend to "look" like the solution to the one-dimensional problem, that is, the surface formed when the disc has expanded to a half-plane. The one-dimensional profile (ίβo(ψO, Woo(ψO) solves the equations:
and where the vertical point is on the u axis. Proof. Let t{ψ\ σ) = r(ψ>; σ) -σ. I can then write:
As σ goes to infinity, the coefficients of the above equations tend almost uniformly to the coefficients of (2.7). By the theorem SYMMETRIC UNBOUNDED LIQUID BRIDGES 217 on continuous dependence of solutions of O.D.E.'s on their parameters, the conclusion of the theorem follows. REMARK 2.6. It is not difficult to integrate (2.7) to obtain: UJiψ) = l/2 COS π/r + 2 il) + tan -2 sin (±) + Vΐ -log ψO = log This is the continuation of the one-dimensional solution which was known to Laplace. It has been expressed as a function of height in Bakker [1] .
It will be useful to obtain some estimates on the behavior of the profile curves. The first is obtained by a reflection argument. Since w(0; σ) < 2Γ(σ), I obtain:
It follows that:
Inequality (2.12) may be used to estimate r(0; σ) as σ goes to zero. Since T(σ) ~ σlog (1/σ), and it follows that:
To get some idea of the behavior of the curve (r(0; σ), it(0; σ)) as a approaches zero, consider the ratio u(0; σ)/r(0; σ). From the preceding estimates it follows that: o< But thus lim
<7->0
From this I conclude that the curve of horizontal points (r(0; σ), t^(0; σ)) becomes horizontal at (0, 0). This is in contrast to the fact that the curve of vertical points (σ, T(σ)) becomes vertical at the origin. [8] . In this §1 will only be working with the lower parts of the profile curves, ψe(ττ/2, π).
The plan of action is to show that for fixed R sufficiently large, p(R, u) is C 1 in u for u sufficiently small. Once I have that, I will be able to prove some regularity results by the theorem on continuous dependence of solutions of O.D.E.'s on their parameters. I need to know some properties of p(R, u). Johnson and Perko prove the following: LEMMA 
For fixed R, p(R 9 u) is continuous, negative, decreasing in u, with:
and lim p(R f u) = -°o .
I have to be able to refer to the lower parts of the profile curves as functions of r, so define w(r; R, u) to be the portion of that profile curve from ψ = π/2 to ψ = π which passes through 
(R, u). (This is only for 0 < u ^ T(R).) If I let w f be (d/dr)w(r; R, u), then w(r; R, u) satisfies (again from

where (3.2) (c) is the definition of p(R, u).
I will need to know some properties of w(r; R, u). (
ii), note that w(R: R, u λ ) < w(R; R, u 2 ) and if w(r; R, u L ) = w(r; R, u 2 )
for some r > R, the curves would be identical. 
)). Then for sufficiently large R > R Qt p(R, u) is differentiate on the interval (0, w(R; R Q , u 0 )).
Proof. Let u and u + δ be less than w(R; R o , u) for R to be chosen later, and δ Φ 0. Let
R,u + δ)-w(r; R, u) δ
Then v δ satisfies (Siegel [13] , p. 57): Proof. From the proof of Lemma 3.3, I know that dp/du(R, u) = v f (R; u). Pick some ζG (0, w(R; R Q9 u o )) 9 and let {ζj approach ζ. To show that dp/du(R, u) is continuous at (R, ζ), I must show that lim^oo v\R; d) = v'(R; ζ). As in Lemma 3.3, by taking a subsequence 1 can assume that: [10] ), it follows that w(r; R, ζ) and w'(r; R, ζ) are C 1 functions of ζ and r. To prove that p(r, u) is C 1 is TF^o, Wo ), I must show that given (r, u) G Wΐ rQtUo)9 I can define (at least locally) ξ(r 9 u) so that u -w{r; R, ζ(r, u)) t and ζ is a C 1 function of r and t6 (the dependence of ζ on i? will be understood). It will then follow that p(v, u) = w'(r; R, ξ(r, u)) 9 which is clearly C 1 in r and u. To define ξ(r, u) implicitly as the solution of Since dp/dξ(R, ξ) = v f (JS; f), where i; is the auxiliary function from Lemma 3.3, it is not difficult to check that dpjdξ{R, ξ) < 0 if v is to go to zero at infinity. I shall use this fact to show that w' < 0 on the interval (r, R), from which it follows that w(r; R, ξ) > 1, enabling me to solve (3.7) for ξ by the implicit function theorem.
Since w\R; R, ζ) < 0, let y be the largest number less than R for which w\y\ R, ζ) -0. Integrating from y to R, I have that w(y\ R> ζ) > 0, so from equation (3.8) , it follows that w"(y\ R, ξ) > 0. But this contradicts the assumption that w'(η\ R, ξ) < 0 for η e (y, R). Thus there is no such y, and w f is negative on (r, R), which, from the discussion above, enables me to solve (3.7) for ξ as a C 1 function of r and u. It follows that p(r, u) is C 1 in r and u in W^0, UQ) . There was nothing special about the point (r 0 , u 0 ); indeed, r 0 could be as large, and u Of as close to Γ(r 0 ) as desired. Hence p(r, u) is C 1 in the region W. Proof. From Johnson and Perko I know that the curve p(r, u) = c is the graph of a function of r. Fiom the proof of Theorem 3.5, -oo < dp/du < 0 for all (r, u) e W, so by the implicit function theorem, p(r 9 u) -c can be solved for u as a C 1 function of r. Call this function T c (r). It follows that:
Since (r, T c {r)) e W, I have that Γ e (r) < VT, thus in (r u +°°), bounding the derivative. THEOREM 
The function T(σ) is in C\0, +co).
Proof. Consider the initial value problem:
which is analogous to equations (2.1) to (2.4).
Since T_ λ {t) is C 1 in ί, it follows that w(ψ ; ί) and r(ψ; ί) are C 1 in α/r and ί. Differentiating the above equations with respect to the parameter ί, there holds: 
t).
The curve (r(π/2; ί), u(π/2; t)) is the same as the graph of Γ(σ). The only way that it could fail to be a C 1 curve is if r(π/2; t 0 ) = ύ{πj2) t 0 ) = 0 for some t 0 .
But for that t 0 there would hold dύ/dψ(π/2) to) = df/dψ(πl2; t 0 ) = 0, from (3.9) and (3.10), so by the usual uniqueness theorems for ordinary differential equations I would have ύ(ψ; t Q ) = f(ψ; t 0 ) = 0. This contradicts the initial conditions, thus (r(ττ/2; ί), u(π/2; t)) is a C 1 curve, and so is the graph of T(σ). However, this does not imply immediately that T(σ) is a C 1 function of σ. T\σ) is continuous where it is finite, but it might go off to infinity. I next show that this cannot occur except at σ -0. From Johnson and Perko, I know that T c (σ) increases to T{σ) as c tends to -oo. But T'£σ) is uniformly bounded on (r l9 +<*>) by V 2 /r 1 for all r x > 0, so it follows that T'(σ) is also bounded by l/ΊΓ/r! on (r lf +oo). Hence the only point at which T'(σ) can blow up is σ = 0. From Turkington's estimates it is seen that T\σ) does in fact blow up there. 4* The envelope* The envelope is determined by the condition that:
(see Finn [4] for this equation), where ύ(ψ; σ) = du/dσ(ψ; σ) and r(α/r; σ) -dr/dσ(ψ; σ). I will show that for any σ, there is precisely one angle |G(0, π) which will solve F(ψ, σ) -0. I will also show that if ψ = 0 is another solution to (4.1), then this point will be isolated from the rest of the envelope curve. Differentiating (2.1) through (2.4) with respect to the parameter σ, permissible since T(σ) e C 1 , I obtain the following needed equations: It is important to note that I haven't ruled out the possibility that F(0, σ) -0 for some σ. However, this is the same as ά(0; σ) = 0, and since w(0; σ) is increasing in σ, this can happen only for isolated σ. These isolated points, then, could not be part of the envelope curve given by ψ(σ) which can be shown to be continuous in σ. From now on, I will exclude the exceptional case ψ -0 from the discussion of the envelope.
I should point out that Theorem 4.4 does not imply that a profile curve cannot intersect the envelope twice in (r, u) space.
Let E(σ):R^R 2 be given by E(σ) = (r(f (σ); σ), u(ψ(σ); σ)), so that this is a parametrization of the envelope. σ ) goes to zero uniformly in ψ as σ goes to infinity, and r(ψ; σ) similarly approaches 1. Hence as σ goes to infinity, f{σ) approaches zero, yielding the desired conclusions. REMARK 4.6. E(σ) lies beneath the curve u = 2T(r) (from Remark 2.10) and therefore goes to zero at r = 0.
I was unable to advance much further in my study of the envelope without making the following assumption:
Conjecture 4.7. The envelope is a C 1 curve.
I did not find a way to prove this. I expect it to be true, since the analogous result has been proven for the pendent drop (see Wente [15] ). It is well-known that if the envelope of a family of differentiable curves is differentiate, then at each point of this envelope there is a unique member of the family tangent to it. From this, and the fact that 0 < f{σ) < π/2, we may conclude from 4.7 that Proof. From Theorem 4.8, I may assume that (r 0 , u 0 ) is not above the envelope. I may also assume that (r 0 , u 0 ) g E(σ), since there will be only one profile curve intersecting any given point of E{σ). The theorem will follow if it is shown that there is at most one profile curve through (r 0 , u 0 ) touching E(σ) at a height below u 09 and at most one profile touching above u 0 .
To prove the first part of this statement, suppose that there are two profile curves Γ 1 and Γ[ passing through (r 0 , u 0 ) and contacting the envelope at a height lower than u 0 . By Theorem 4. and Γ 2 can't cross again, but what could happen in this case is that Γ 2 could go beyond the horizontal point of Γ 2 and reach the envelope in that way (see Figure 9 ). In this case, however, Γ 2 has a larger inclination angle than Γ 2 at height u(fi; σ' 2 ) f but at u Q , Γ 2 has a smaller inclination. This leads to the usual contradiction with E(σ) FIGURE 9 Proof of Theorem 4,9 232 THOMAS I. VOGEL Theorem 2.3.
5* Stability• In this section I will always be assuming Conjecture 4.7. I will obtain the following results: In the completely wetting case β -1 (see equation (0.1)), the profile curves are energy minimizing over compact perturbations below the point of contact with the envelope, but once a profile has touched the envelope, it is unstable. In the case β < 1, the curve is unstable if it has touched the envelope or has inclination angle less than cos" 1 β, otherwise it is stable. A good reference for the methods from the calculus of variations needed in this section, especially the concept of a field of extremals, is Bliss [2] .
The first problem to eliminate is the fact that I do not know a priori that if a bridge is stable under compact symmetric perturbations then it is stable under compact asymmetric perturbations as well. To handle this difficulty, I first need the following technical lemma: Proof. Let B δ = (B n {u ^ δ}) U (A n {n ^ δ}) for any δ > 0. Since K is compact, by the condition on dA it follows that (dA ΓΊ {u < δ}) Π K = 0 for δ less than some δ Q . For any δ < δ Q , I have that [ \DX Bδ \ ^ ί \DX B \. This follows from the fact that the plane u = δ is a minimal surface, thus {u = δ} Π B is the surface of smallest area with boundary {u = δ} π dB. But for δ sufficiently small, μ n (Anκn{u<})<, pg so that changing from B to B δ only increases the potential energy due to gravity by a small amount, while actually lowering the perimeter in K. So, for sufficiently small δ, B δ is the desired B, proving the lemma.
